The size-specific coagulation frequencies of fractal aggregates formed by the simulation of di8'usionlimited cluster-cluster aggregation in two and three dimensions are determined from dynamic-scaling spectra by an inverse-problem approach. The four cases considered are two-and three-dimensional aggregation in which the cluster difFusivity is independent and dependent upon the mass of the cluster. The frequencies derived from this approach describe the transient simulation results very well, the predictions being better than those with the Smoluchowski Brownian-coagulation frequency [Phys. Z. 17, 557 (1916)]modified by scaling arguments in three dimensions. Furthermore, frequencies are obtained for two-dimensional aggregation for which physical models have been evasive. The validity of the mean-field equation with a time-independent homogeneous frequency is examined. It is found that the mean-Geld approximation is valid in the range of simulation results but progressively deteriorates with time. The power of the inverse-problem approach here lies in its yielding size-specific aggregation rates of particles whether or not physical models are available. PACS number(s): 64.60.@b
I. INTRODUCTION
Aggregation is important in several areas of science and technology. It governs the properties of smoke and haze [1] , food [2] , emulsion polymerization [3] , etc. Recently, experiments [4] and computer simulations [5] have shown that irreversible aggregation processes can lead to the formation of ramified fractal aggregates. In this paper the coagulation frequencies of these fractal clusters produced during computer simulations (the so-called diffusion-limited cluster-cluster aggregation simulations) are determined from the long-time asymptotic behavior of the transient size distributions (the self-similar or dynamic-scaling size spectra). The coagulation frequency is determined for aggregation occurring in two and three dimensions.
The determination of the aggregation frequencies for these cases is the primary step in the understanding of the kinetics of these fractal-producing aggregation processes. The techniques for the extraction of coagulation frequencies outlined in this paper can be directly applied to other aggregation processes.
The kinetics of irreversible binary-aggregation processes in a spatially homogeneous medium may be de- scribed by [6] Bn(m, t) nq(m, m', t) is the joint density of pairs of aggregates of masses m and m' at time t and K(m, m') is the binaryand K (i, j, ... ) = K(i, j)ns(i, j, t)/n(i, t)n(j, t) and K'=K if nz (rn, m', t) = n(rn, t) n (m', t), (2) which is the mean-field or superposition closure hypothesis [6] . The dots in the arguments to K' represent potential dependence of this effective agglomeration frequency on time or on the state of the entire population and not just on the specific particle pair. Basically the above closure approximation is tantamount to neglecting any correlations in the pair density n2(rn, rn', t) which may arise either due to slowness of spatial mixing which results in segregational or correlation effects [7] or due to the smallness of cluster populations [8] . The physics of the agglomeration process is embodied in the coagulation frequency function K(m, m'), which depends on the nature of relative motion between the aggregates as well as the details of the reaction cross section. In situations where neither of the above is complicated, coagulation frequencies may be modeled by estimating the flux of particles of a specific mass at a sink particle. A classic example is the Brownian-coagulation frequency derived by Smoluchowski [9] . Coagulation frequencies for other situations have been discussed by several authors [10] . Recent studies, via computer simulation [5] and controlled experiments [4] , have 
where the first factor pertains to the collision or reaction cross section and the second is the sum of the diffusion coefficients of the two particulates. An intuitive approach employed by Ziff, McGrady, and Meakin [11] to derive an expression for the clustering frequency of self-similar aggregates retains the same structure of the above frequency but accounts for the structure of the agglomerates by modifying the reaction cross section. This frequency is given by to determine the binary-clustering coeKcients. In this paper, we determine coagulation frequencies of fractal aggregates from dynamic-scaling size spectra using an inverse-problem approach [13, 14] . Diffusion-limited cluster-cluster aggregation (CCA) simulations similar to those of other investigators [15] [14, 16] . In this paper we summarize the salient aspects of this methodology, which is applicable whenever the transient size spectra exhibit dynamic scaling or self-similar behavior. Under similarity or dynamic scaling conditions, the size spectra at large times may be conveniently represented by the scaling form n(m, t) = m f(m/S(t)), 
where F(m, t) is the cumulative mass fraction defined by rn'n(rn', t)dm' = 1.
0
The similarity transformation given by Eq. (5) implies that the cumulative mass fraction satisfy F(m, t) f(z), z = m/S(t).
On using Eq. (7) in Eq. (6) and requiring similarity, we find that the agglomeration frequency quite generally has the form [14] K'(m, m', ... ) = S(t) "b(z, z'). This time dependence could arise due to two reasons. First, the medium in which agglomeration occurs may be externally changed in time. Second and more interestingly, the mean-field assumption may break down. In such cases, the fluctuations in the joint number density of cluster pairs from the mean-field value can be refiected in a time dependent aggregation frequency. The It may be readily identified by a fit of the experimental average size data to Eq. (9) . Notice that (b) is the expected value of scaled aggregation frequency since f'(z) is a probability density function. The function b(z, z ) is obtained by solving the integral equation 
III. CLUSTER-CLUSTER AGGREGATION SIMULATIONS
b,t = -ln(1 -ri)/k, (13) where ri is a random number distributed uniformly over the interval (0, 1). The time is incremented by b,t and the cluster which is moved after generating this waiting time is identified by another random variate rz distributed uniformly on the interval (0, 1). Cluster j is moved if
The rest of the procedure is identical to that employed by other investigators [15] . The problem with this simulation strategy is the determination of which cluster is to move is a computationally slow procedure. Meakin [15] developed an equivalent simulation by discretizing time in smaller intervals than the interval of quiescience.
Basically the equivalent procedure developed by Meakin which is used for our simulations begins by randomly sprinkling a fixed number of monomers on a lattice with periodic boundary conditions. Attempts are made to move clusters after every time interval At = D~~"N, where Dma, " is the maximum of massdependent difFusion coefI1cients of the X clusters present at any time. This is achieved by picking a cluster at random and moving it in randomly in one of the possible Cluster-cluster aggregation has been recognized as an adequate model for describing the formation of several self-similar objects in nature [22] such as silica particles, gold colloids, etc. We outline the interval of quiescence [23] method of simulation and show its equivalence to the method outlined in Ref. [15] . Central [7] (although some [24] Fig. 1(a) . Figure l( Figure 2 shows the predictions of the extracted frequency compared with the simulation results. The earliest time in Fig. 2 The simulation data are shown as points and the solution of the Smoluchowski equation using the inverse-problem frequency is shown by the solid lines. The data at the earliest time were used as the initial condition. Fig. 3(a) . The self-similar size distribution that is used by the inverse problem can be seen in Fig. 3(b) . The evolution of the average size is given by Eq. (9) with (b) = 6.215 x 10 z and A = -0.27.
The extracted frequency can be seen in Fig. 3(c) . The qualitative features of this extracted frequency can again easily be interpreted. Let us fix one of the particles to be very small (say x 0 ) and let the mass of the other particle increase (y 0+). This represents the case where the particle pair diffusivity is approximately constant (the particle pair difFusivity is dominated by the small particle). The agglomeration frequency increases with increasing mass of the second particle which indicates that once again the collision cross section increases with increasing mass. If we fix the first particle at some large value (say x = 1) and increase the mass of the second particle (y 0+), the agglomeration frequency decreases precipitously. This indicates that for an approximately constant collision cross section the agglomeration frequency decreases. This is again an indication of the diffusion mechanism input to the computer simulation, i.e. , diffusivities decrease with increasing particle mass. The veracity of the extracted frequency can be deter- similar size spectrum is depicted in Fig. 5(b) . The parameter A required to specify the aggregation frequency was obtained by fitting Eq. (9) to average mass S(t). A = 0.59 and (b) = 1.77 x 10 z. The inverse-problem solution b(z, z') is shown in Fig. 5(c) . The veracity of the frequency thus determined was evaluated by its ability to predict transient size spectra when used in Eq. (2) . The data at the earliest time at which similarity behavior is observed were used as the initial condition. It is evident from Fig. 6 that the frequency predicts the data very well indeed.
Once again the qualitative features of the extracted frequency can be interpreted. The collision cross section increases with increasing particle mass as expected. The observation that large clusters agglomerate slightly better with clusters of increasing mass is indicative of the input diffusion mechanism.
D. Three-dimensional aggregation-mass-dependent difFusivity In this case the particle difFusivity is assumed to depend on its mass as Dk = k~~+ r, where Dy = 1.78 [22] . The transient size distributions can be found in Fig. 7(a) . The similarity transformation is found in Fig.  7(b) . The evolution of the average cluster mass is given by the evolution equation where (b) = 1.80 x 10 and A = 0.05. The extracted frequency can be seen in Fig.   7 (c). b(x, y) = bx"y" (14) for y much greater than x. Also since we are approxi- For two-dimensional aggregation with mass-independent diffusivities, the similarity distribution is singular with r = 0.623. From Fig. 1(c) ). 
In summary, the aggregation frequency in two dimensions can be written as (25) where the premultiplicative constant k is a function of the difFusion mechanism. In three dimensions, (26) where again the premultiplicative constant is a function of the difFusion mechanism. 
. (27) If we use the premultiplicative constant suggested by ZifF, McGrady, and Meakin, then the prediction of transient size distributions is possible. Figure 13 shows the predictions of this model frequency for mass-independent difFusion and Fig. 14 
APPROXIMATION
The expected number of clusters in a cell is the important parameter in determining the validity of the meanfield or superposition closure hypothesis [25] . As the expected number (N) increases the validity of the approximation increases and thus as (N) decreases the validity decreases. Reference [25] gives an expression for (N) as a function of difFusion mechanism n and the various agglomeration parameters v, A, and (b): 
